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Complex Analysis

Module: 4: Complex Integration
Lecture: 3: Cauchy Integral Formula J
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Complex Integration
Theorem on antiderivative

Let f be continuous in D and has antiderivative F throughout D , i.e.
% F = fin D. Then for any closed contour C in D

/Cf(z)dz =0.
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Theorem on antiderivative

Proof

@ From the previous result,

/ f(2)dz = F(z7) - F(2).

@ Since Cis closed, z1 = z,.

@ This means / f(z)dz = 0.
c
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Theorem on antiderivative

R

@ From the previous result,

/ f(2)dz = F(z7) - F(2).

@ Since Cis closed, z1 = z,.

@ This means / f(z)dz = 0.
c

This is alternative to Cauchy fundamental theorem.
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Cauchy integral theorems

Equivalent statements

Let f(z) be continuous in a domain D. Then the following are
equivalent.

(i) f has antiderivative.
(i) For every closed curvec, [, f(z)dz=0.
(i) Fortwo curves Ty and T », joining the points z; and zo

f(z)dz= | f(z)dz
r [P
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Equivalent statements

(i) = (ii) is the previous result.

For (ii) = (iii), let 'y & '> be taken with positive orientation.
Define ¢ =Ty UT, where I', = —T.

c is positive oriented.

Hence by (ii) [, f(z)dz = 0.
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Equivalent statements

@ Thus [_f(z)dz = 0 implies

0= f(z)dz

ru F’

f(z dz+/ f(z)dz

I

f(z)dz— | f(z)dz.

4 P

o Therefore [ f(z)dz = [, f(z)dz, which is (iii)
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Equivalent statements

proof
For (iii) = (i)
@ Let (iii) be true.

@ To prove that 3 F such that F is analytic and %F = fforall zin D.

@ Define F(z) = fzzo f(s)ds, for some fixed z.
@ Then F(z) is well defined.
@ Now

F(z+AZ) = / “ fs)ds.

20
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Equivalent statements

Proof |

o Let Az = [7TA%ds,

+A
o = f(z)Az = [["7*f(2)ds.
@ This means,

F(z+ AZ) - F(2) = / T fs)ds - / T fs)ds
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Equivalent statements

Hence,

‘F(z+ Az) - F(2)

Ar —f(Z)‘ IAI|F(z—|—Az) F(z) — f(2)Az|

Z+Az Z+Az

= a7 A12| /z (s)ds — /z f(2)ds
Z+Az

- 7 A12| / [(s) — f(2)]ds

1 Z+Az
< o / #(s) — £(2)| |ds|
V4
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Equivalent statements

@ Since f is continuous , for given € > 0,36 > 0 such that
|f(s) — f(z)| < e whenever |s — z| < 0.
@ Hence, right hand side of the previous expression has < e.

@ This means, for all s close to z, %F(z) = f(2).

@ Since this is true for all z , in that neighbourhood, F(z) is analytic
at z.
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Cauchy integral theorem

Example

a.|

To evaluate / 77 where I' = {z : |z — zy| = r} traverses twice.
— 20

Herez—zg=re? ,0<0<4r:0=2¢p=0< ¢ <2m, z— 2y = re'’

Hence » 2
™ 2irelr
/= /0 o = 4.
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Complex integration

Cauchy Integral Formula J
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Cauchy Integral formula

Let f be analytic in a region R enclosed by a simple closed contour C.
If zy € int C, (interior of C), then for any z € D

f(2)

/;Z——Zodz = 27rlf(20).
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Cauchy Integral formula

/ dz 2n /:>/ dz_27r/f(zo)
©

zZ-2z

Consider

L[t

C2ni ), z—2z

@ Since f is analytic in D, for any z in the neighbourhood of z, ,
|f(z) — f(2p)| < e whenever z in a disk of radius p centered at z.

v

A.Swaminathan and V.K.Katiyar (NPTEL) Complex Analysis 15/18



Cauchy Integral formula

Thus
|/| _ 1 /C f(Z) — f(ZO) dz‘

27 zZ— 2

l |f(Z)—f(Zo)’|dz|

<
“2rJo |z 2z

L(27rp) =c

<
27p

@ The result is true by replacing the disk z : |z — Zy| < p by any
contour c¢ that lies entirely inside the disc (p, zp) which is the
region R.
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Cauchy Integral formula

Example

ion: Fi 9(2) (s
Question: Find /r 2z2-4) dz,wherel ={z:|z| < 2}.

Answer.

@ Letf(z)= g(zz) Then f ¢ Ain |z| < 2.
@ Hence Cauchy Integral Formula cannot be applied.
@ Therefore, suppose that f(z) = zg(_zi,

@ Thenfe Ain |z <2

@ Hence by Cauchy Integral Formula,

902 . [ 2 . . owi
/r 2z &% /r 7092 = 2mif(0) = —59(0).
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Consequence of Cauchy Integral formula

Poisson Integral formula

Theorem

Letfe Ain|z| < p and z = re" in a domain D that contains |z| < p.
Then

: 1 e (R? — r?)f(Re'?)
(AN
(re”) = 27r/0 RE—2rRcos(0— )+ 2 2%

where 0 < R < p.

Further details regarding this result will be discussed in the last
chapter.
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